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We study all the possible different two terminal configurations of Josephson junctions containing wires of
time-reversal invariant topological superconductors (TRITOPS) and ordinary superconductors, including com-
binations with an interacting quantum dot between both wires in the junction. We introduce simple effective
Hamiltonians which explain the different qualitative behaviors obtained. We analyze a wide range of phenom-
ena, including occurrence and quenching of the so called 0 − pi transition, anomalous periodicity and jumps
of the Josephson current as a function of the phase difference, and finite Josephson current in the absence of
magnetic flux.
I. INTRODUCTION
Topological states of the matter is an ubiquitous topic of sev-
eral areas of physics, including the communities of solid state
physics,1, photonic sciences,2 and cold-atoms.3 The branch
of topological superconductivity is paramount to the field of
quantum computation, after the seminal idea by Kitaev4 and
coworkers5 of exploiting the non-abelian nature of anyons.
Low-dimensional topological superconductors are promising
candidates for realizing topological q-bits, since they host Ma-
jorana zero-modes as edge states6,7. This motivated a number
of proposals to produce the topological phases in structures
of quantum wires proximity-coupled to macroscopic super-
conductors as q-bit platforms. A prominent one is the model
proposed in Refs. 8 and 9, which is under active experimental
investigation.10–13
The Kitaev model6 and several other models for topologi-
cal superconductivity,8,9 are based on ingredients that break
time-reversal symmetry. In contrast, there is another fam-
ily, the TRITOPS, which belongs to the DIII class and hosts
zero-energy edge excitations that appear in Kramers pairs.
So far there are no experimental realizations of this topo-
logical phase, although it is receiving significant theoreti-
cal attention in the last years.14–41 An interesting character-
istic, of these end modes is the fact that they have frac-
tional spin projection.21 This property can be relevant for their
detection.31,34,35,37 Recently a universal gate set using TRI-
TOPS has been proposed.42
One of the most relevant and clear signatures of the super-
conducting phase is the Josephson effect, which takes place
in superconductor structures with an annular shape threaded
by a magnetic flux. The behavior of the generated Josephson
current as a function of the phase φ = 2piΦ/Φ0, where Φ is
the flux and Φ0 = h/2e is the superconducting flux quantum,
constitutes a valuable tool to unveil interesting physics related
to the nature of the superconductor or to the junction itself. In
the case of ordinary superconductors, the current-phase rela-
tion has a periodicity of 2pi.
In the case of junctions of topological superconducting wires,
the periodicity of the Andreev spectrum is 4pi (2pi) if the elec-
tron parity of the system is (is not) conserved and there is a
level crossing at φ = pi, which leads to a peculiar behavior
of the Josephson junction.6,43 Josephson junctions contain-
ing one-dimensional topological superconductors with bro-
ken time-reversal (TR) symmetry have been studied in sev-
eral works. Since the proposal by Fu and Kane for the real-
ization of the topological phase in a quantum spin Hall sys-
tem with a magnetic island, in proximity with a supercon-
ductor, the behavior of the Josephson current was suggested
as a way to detect the topological phase,44 and this system
was later analyzed in other works.45,46 Dynamical effects in
Josephson junctions with topological wires with broken TR
were also analyzed,45,47,48 as well as other configurations in-
cluding quantum dots with many-body interactions and mul-
tiple terminals.49–57
The Josephson current in junctions of ordinary (non-
topological) time-reversal invariant superconductors with an
embedded interacting quantum dot (QD) has the same peri-
odicity with the magnetic flux as the direct junctions with-
out QD. Interestingly, they exhibit the so called 0 − pi
transition.59–68 This implies the inversion of the sign of the
Josephson current, as the control parameters change and mod-
ify the occupancy and the net spin of the QD, which is a con-
sequence of the many-body interactions and is originated in
the competition of the Kondo effect with the superconducting
pairing. When the former one is dominant, the system is in the
0 phase, while when the latter turns to dominate, the transition
to the pi-phase takes place. When the junctions are made of
TRITOPS wires with an embedded interacting QD, and pre-
serve at least one component of the spin, the peculiarity is the
quenching of the 0−pi transition, as discussed in Ref. 34. This
is due to the screening of the magnetic moment of the quan-
tum dot by a combination of the zero-energy modes at both
sides of the quantum dot. This generates a correlated ground
state and the Josephson current displays a 0-phase behavior,
irrespectively of the strength of the many-body interactions
in the QD. Other remarkable feature is the existence of dis-
continuities with large jumps in the Josephson current at both
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2φ = 0, pi in junctions with one TRITOPS and another ordinary
superconducting wire.28,32
The aim of the present work is the analysis and compari-
son of the Andreev spectrum and Josephson current of all
the possible configurations containing one or two TRITOPS
wires with spin-orbit interaction. We consider direct junctions
and junctions with an embedded interacting QD between both
wires. For the case of two TRITOPS wires, we consider the
effect of different directions of the spin-orbit interaction of the
two wires. We focus only on configurations which are time-
reversal invariant at φ = 0, pi.
The work is organized as follows. Section II contains the de-
scription of the theoretical model for the wires and the effec-
tive Hamiltonian used to analyze the subgap Andreev spec-
trum. Results are presented in section III. Section IV is de-
voted to summary and conclusions.
II. MODEL
The full structure is modeled by the Hamiltonian H =
∑
α Hα+
HJ , where α = L,R labels the two wires, and HJ is the Hamil-
tonian for the junction. We describe the different pieces sepa-
rately
A. Wires
Each wire of the structure is modeled by the following Hamil-
tonian
Hα =
∑
i, j
[
ψ†α,i h
α
i j ψα, j + ψ
†
α,i ∆
α
i j ψ
†
α, j
]
+ H.c.,
hαi j = − (tα + iλαnα · σ) δ j,i+1 − µαδi, j
∆αi j =
(
∆˜α δ j,i+1 + ∆α δi, j
)
iσy (1)
where we have introduced the spinor ψ†α, j =
(
c†
α, j,↑, c
†
α, j,↑
)
and
σ =
(
σx, σy, σz
)
are the three Pauli matrices. The terms of the
normal part of the Hamiltonian are the nearest-neighbor hop-
ping tα, and the spin-orbit interaction λα in the direction of the
vector nα. The pairing potential has a local s-wave component
∆α, as well as an extended-s-wave component ∆˜α and µα is the
chemical potential.
The Hamiltonian of Eq. (1) has time-reversal symmetry and
corresponds to the model introduced by Zhang-Kane-Mele in
Ref. 20 for TRITOPS (DIII class) in one dimension. The
key ingredients for the topological phase of class DIII are the
spin-orbit interaction λα and the extended s-wave pairing ∆˜α.
The local s-wave pairing ∆α induces ordinary superconductiv-
ity. As discussed in Ref. 20, the TRITOPS phase takes place
within the range of chemical potentials satisfying |µα − 0,α| <
m,α, being 0,α = (tα∆α) /∆˜α and m,α = 2|λα|
√
1 − ∆2α/
(
4∆˜2α
)
.
This topological phase hosts Kramers pairs of end modes lo-
calized at the left and right edge of the wire, represented by
fermionic operators γα,s, γ˜α,s, with s = ±, satisfying (see Ref.
35)
γ†α,+ = i sgn
(
λα∆˜α
)
γα,−, γ˜†α,+ = −i sgn
(
λα∆˜α
)
γ˜α,−. (2)
Here, +, − denotes parallel or antiparallel orientations of the
spin along the direction nα.
B. Junction
We consider two types of junctions. (i) A direct junction, de-
scribed by a tunneling Hamiltonian between the two wires,
HJ,dir = tJ
∑
s
(
eiφ/2c†L,scR,s + H.c.
)
. (3)
(ii) A junction containing an interacting quantum dot embed-
ded between the two wires
HJ,dot =
∑
s
(
tLeiφ/4c
†
L,sds + tRe
iφ/4d†s cR,s + H.c.
)
+ Hd,
Hd = εd
(
nd,↑ + nd,↓
)
+ Und↑nd↓. (4)
Here, φ = 2piΦ/Φ0, where Φ is the total magnetic flux and the
index α = L,R corresponds to the end site of the L,R wire,
which intervenes in the connection of the junction.
C. Configurations and symmetries
The different configurations are the following: S-S,
TRITOPS-TRITOPS, S-TRITOPS. The non-interacting case
can be analyzed by means of exactly diagonalizing the Hamil-
tonian of the wires. In order to analyze the configurations with
the interacting QD, we resort to low-energy effective Hamil-
tonians. As we will see, such effective Hamiltonians are also
useful to understand most of the relevant physical properties
of direct junctions.
Each wire separately has charge conjugation, time-reversal,
mirror symmetry (the spin projection in the direction of the
spin-orbit coupling is conserved), chiral. When they are con-
nected having different orientations of the spin-orbit interac-
tion, the two latter symmetries are broken. For a flux different
from zero or half a superconducting flux quantum (φ , 0, pi),
also time-reversal symmetry is broken. For the whole system
the fermion parity is a conserved quantity.
III. LOW-ENERGY EFFECTIVE HAMILTONIANS
A. S-S
Following Ref. 59, we define the effective low-energy Hamil-
tonian
HeffS−S =
∑
α
(
∆αc
†
α,↑c
†
α,↓ + H.c.
)
+ HJ , (5)
with HJ ≡ HJ,dir, for a direct junction or HJ ≡ HJ,dot, for a
junction with an embedded quantum dot. We discuss in Sec-
tion IV the validity of this effective Hamiltonian.
3B. TRITOPS-TRITOPS
Following Ref. 34, we define an effective Hamiltonian where
only the degrees of freedom associated to the zero modes of
the topological wires are taken into account. For the case of a
direct junction we have HeffTRITOPS−TRITOPS = H
eff
J,dir, and when
a dot is between the wires HeffTRITOPS−D−TRITOPS = H
eff
J,dot. De-
pending on the configuration we obtain
HeffJ,dir = tJ
∑
s=↑,↓
eiφ/2γ˜†L,sγR,s + H.c.,
HeffJ,dot = tJ
∑
s=↑,↓
(
eiφ/4γ˜†L,sds + d
†
sγR,s
)
+ H.c. + Hd. (6)
The operators γα,s and γ˜α,s are related to the Bogoliubov oper-
ators representing the zero modes defined in Eq. (2) through
the transformation(
γα,↑, γα,↓
)T
= Uα
(
γα,+, γα,−
)T ,(
γ˜α,↑, γ˜α,↓
)T
= Uα
(
γ˜α,+, γ˜α,−
)T . (7)
The unitary matrix relating the operators is de-
fined from the orientation of the vector nα =
(sin θα cosϕα, sin θα sinϕα, cos θα), as follows
Uα =
(
cos θα2 − sin θα2 eiϕα
sin θα2 e
−iϕα cos θα2 .
)
. (8)
Without loss of generality we set nR along the z-direction and
sgn
(
∆˜αλα
)
> 0. Denoting by γ˜L,+ = γ˜ and γR,+ = γ, we have
γ˜L,↑ = cos
θ
2
γ˜ − ieiϕ sin θ
2
γ˜†, γR,↑ = γ,
γ˜L,↓ = e−iϕ sin
θ
2
γ˜ + i cos
θ
2
γ˜†, γ†R,↓ = iγ, (9)
Substituting this transformation in Eqs. (6), and using the re-
lations of Eq. (2), we get the following effective Hamiltonians
HeffJ,dir = t0γ˜
†γ + δ0γ˜γ + H.c., (10)
HeffJ,dot = HL + tφd
†
↑γ − itφd†↓γ† + H.c. + Hd
HL =
∑
s=↑,↓
(
tsγ˜†ds + δsγ˜ds
)
(11)
We have defined
t0 = 2tJ cos
θ
2
cos
φ
2
, δ0 = −2tJ sin θ2 sin
φ
2
eiϕ,
t↑ = tφ cos
θ
2
, t↓ = tφeiϕ sin
θ
2
, tφ = tJeiφ/4,
δ↑ = itφe−iϕ sin
θ
2
, δ↓ = −itφ cos θ2 . (12)
Notice that Eqs. (10) are actually independent of the az-
imuthal angle ϕ as it might be expected. In fact, the lat-
ter can be eliminated by the following gauge transformation
γ˜ → eiϕ/2γ˜, γ → eiϕ/2γ, d↑ → d↑e−iϕ/2, d↓ → d↓eiϕ/2.
If the transformation that relates the zero modes γα,σ with
those entering Eq. (1) is known (for example numerically in
large chains or analytically as in Ref. 35), tJ can be calculated
explicitly. In the second Eq. (6) we have assumed tL = tR = t
for simplicity. In general tJ is smaller but of the order of t.
Since in the construction of the effective Hamiltonian the en-
ergies above the superconducting gap have been neglected, the
quantitative validity of the effective Hamiltonian is restricted
to tJ  |∆˜α|, |∆α|. The neglected terms in the derivation of the
effective Hamiltonian are the hybridization of the zero modes
of the opposite chain (in the case of direct junction) or of the
degrees of freedom of the quantum dot (for the junction with
QD), with the high-energy quasiparticles above the gap in the
direct junction. Such processes can affect the parameters of
the effective Hamiltonian, but do not modify its form.
C. TRITOPS-S
In this case, the effective Hamiltonian is a combination of
the effective Hamiltonians previously formulated. Concretely,
HeffTRITOPS−S = HJ + HS . The Hamiltonian HJ of the junc-
tion corresponds to HeffJ,dir for a direct junction and H
eff
J,dot for
a junction with a quantum dot. In the former case, it can be
expressed as follows
HeffJ,dir = te
iφ/2
(
γ˜†cR,+ − iγ˜cR,−
)
+ ∆Rc
†
R,+c
†
R,− + H.c., (13)
where we have defined
(
cR,+, cR,−
)T
= UL
(
cR,↑, cR,↓
)T , with UL
given in Eq. (8). It is interesting to notice the explicit phase
pi/2 in the effective pairing (2nd term of the above Hamil-
tonian), which is a consequence of the relations of Eq. (2)
satisfied by the zero end modes. This effectively introduces a
phase in the junction, in addition to the one due to the mag-
netic flux.
Similarly, for the case of a quantum dot embedded in the
junction, we can perform the transformation (d+, d−)T =
UL
(
d↑, d↓
)T and define (cR,+, cR,−)T ≡ (cR,↑, cR,↓)T . Then, the
effective Hamiltonian results
HeffJ,dot = Hd + tφ
γ˜†d+ − iγ˜d− + ∑
s=±
d†s cR,s
+ ∆Rc†R,+c†R,−+H.c.
(14)
where we are using the same definition of tφ as in Eq. (12).
Notice that in this configuration, the effective Hamiltonians
become independent of the orientation of the spin-orbit of the
TRITOPS wire, as expected.
IV. RESULTS
We show results calculated by the exact numerical diagonal-
ization of the full Hamiltonian in wires of finite length L,
along with the many-body spectrum calculated by the exact
diagonalization of the effective Hamiltonians introduced in
Sections III A, III B and III C. The Josephson current is cal-
culated from
J(φ) =
∂Eeff0 (φ)
∂φ
, (15)
4being Eeff0 (φ) the ground-state energy of the many-body spec-
trum calculated with the effective Hamiltonian. In the case of
wires with a finite length, it can be calculated from the Mat-
subara Green function as follows
Jdir(φ) = 2tJ
∑
s
lim
τ=0−
Im
[GLR,s(τ)] ,
Jdot(φ) = 2tJ
∑
s
lim
τ=0−
Im
[GLd,s(τ)] , (16)
being GLR,s(τ) = −〈Tτ
[
cL,s(τ)c
†
R,s(0)
]
〉 and GLd,s(τ) =
−〈Tτ
[
cL,s(τ)d
†
s (0)
]
〉. The latter can be evaluated from the re-
sults of the single-particle spectrum. We will focus on the
limit of temperature T = 0.
A. Direct tunneling
1. S-S
This junction has been analyzed in several works.59–67 The
main characteristic of the Andreev levels of this type of junc-
tion is the existence of an energy gap, which leads to a smooth
behavior of the Josephson current. By comparing the results
for the Josephson current obtained by the direct diagonaliza-
tion of the Hamiltonian for the connected wires using Eq. (16)
with those obtained from the ground-state energy of the effec-
tive Hamiltonian using Eq. (15), we verify the good qualita-
tive agreement between the two approaches.
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FIG. 1. Andreev spectrum of a TRITOPS-TRITOPS junction with
direct tunneling between the wires calculated with the effective
Hamiltonian (left) and the corresponding Josephson current calcu-
lated from Eq. (15) (right). Solid and dashed lines correspond to
states within the subspace with odd and even number of particles, re-
spectively. Different plots correspond to different relative orientation
θ in the direction of the spin-orbit coupling of the wires. Energies are
expressed in units of t.
2. TRITOPS-TRITOPS
The solution of the effective Hamiltonian for the junction with
direct tunneling between the wires is very simple. Details
of the calculation of the many-body states are presented in
Appendix A. The resulting spectra and Josephson current are
shown in Fig. 1. We see that the effect of the relative ori-
entation θ of the spin-orbit coupling of the two wires plays a
crucial role in the behavior of the Andreev spectrum and the
Josephson current. For wires with the spin-orbit coupling ori-
ented along the same direction (θ = 0), the spectrum contains
only two levels with flux-dependent energies, which belong
to the subspace of the effective Hamiltonian with an odd num-
ber of particles, which cross at φ = pi, while the states in the
even subspace have zero energy, independently of the value
of φ. As a consequence of the level crossing, the Josephson
current has a discontinuity at φ = pi. This feature has been
already discussed in Refs. 28, 32, 34, and 36 For wires with
different orientation of the spin-orbit coupling (θ , 0), the
states within the subspace with even number of particles of
HeffTRITOPS−TRITOPS become dispersive in φ. Level crossing be-
tween states with different parities take place in the intervals
0 ≤ φ ≤ pi and pi ≤ φ ≤ 2pi, with the consequent discontinu-
ities in the Josephson junction.
In the limit where nL and nR form an angle θ = pi, the states
within the subspace with odd number of particles do not dis-
perse and have zero energy, while the ones in the even sub-
space fully determine the behavior of the Josephson current.
An interesting feature is that, in this limit, the two dispersive
Andreev states cross at φ = 0, leading to a discontinuity with
an abrupt jump in the Josephson current at zero flux. Such
a behavior is quite peculiar and has been also pointed out
in other Josephson junctions of topological superconductors
with broken time-reversal symmetry.58 Here, the origin is the
effective phase in the junction, introduced by the different ori-
entations of the spin-orbit interaction of the two wires. We
note that when both directions coincide, the spin projection in
this direction is a conserved quantity. However, this symme-
try is lost in the more general case. From the exact solution of
the effective Hamiltonian [Eqs. (A2) and (A3)], we see that
the role of θ and φ can be exchanged. In particular, changing
θ from 0 to pi is equivalent to a shift in φ by pi. This can be un-
derstood from the relations satisfied by the zero-modes given
by the generalization of Eqs. (2), when the effect of the flux is
shifted to a superconducting wire by a gauge transformation
[Eqs. (18), (21) and (26) of Ref. 35].
In Fig. 2, we show results for the Josephson current calcu-
lated on the basis of the exact diagonalization of wires with
finite length L. We see that for the longer wires considered
in the calculation, the results of the Josephson current repro-
duce all the qualitative features already shown in Fig. 1, cor-
responding to the effective Hamiltonian. For short lengths, the
end modes within each of the TRITOPS wires hybridize and
the J(φ) response departs from the description of the effective
Hamiltonian, where only the zero modes directly connected
to the junction are taken into account.
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0 0.5 1
φ/2pi
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J
FIG. 2. Josephson current of a TRITOPS-TRITOPS junction with
direct tunneling between the wires for various orientations of the spin
orbit of the left wire. Results correspond to exact diagonalization
of finite chains. Top, middle and bottom panels correspond to θ =
0, 0.3pi, pi, respectively. Parameters are ∆ = 0, ∆˜ = 0.2, λ = 0.5, µ =
0. Energies are indicated in units of t.
3. TRITOPS-S
The solution of the effective Hamiltonian for the junction with
direct tunneling between the wires is very simple. Details
of the calculation of the many-body states are presented in
Appendix A. The resulting spectra and Josephson current are
shown in Figs. 3. As mentioned in the derivation of the ef-
fective Hamiltonian, this configuration is independent of the
orientation of the spin-orbit coupling. The features to high-
light are: (i) the discontinuity with a jump of the Josephson
current at zero flux. This is a consequence of the phase pi/2 in
the effective pairing along the junction, which can be traced
back to the relation between the Bogoliubov operators repre-
senting the zero modes, expressed in Eq. (2). (ii) The other
0 0.5 1 1.5 2
φ/pi
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0 0.5 1 1.5 2
φ/pi
-0.02
-0.01
0
0.01
0.02
J
FIG. 3. Same as Fig. 1 for a TRITOPS-S junction with direct tunnel-
ing between the wires. We have considered ∆R = 1.5t.
interesting feature is the level crossing at φ = pi. As it is
clear from the corresponding effective Hamiltonian (see ap-
pendix A), both crossings at φ = 0 and φ = pi are protected
by fermion parity, since the two levels that cross belong to
subspaces with different parity. (iii) It is also very interesting
the fact that the Josephson current seems to be approximately
periodic in pi instead of in 2pi. In fact, the low-energy effec-
tive Hamiltonian is exactly periodic in pi (see appendix A). In
the case of wires of finite length, the coupling of zero modes
modifies this picture, but the Fourier analysis of the Josephson
current anyway presents a strong component associated to this
half periodicity.
Results obtained by exact diagonalization of the wires are
shown in Fig. 4, where the effect of the length of the wires
can be appreciated.
B. Junctions with embedded quantum dot
1. S-QD-S
The description of the leads –in which only one site is
considered– in the effective Hamiltonian corresponds to the
atomic limit,59,66 in which the superconducting gap |∆α| is as-
sumed to be much larger then the hopping term |tα|. In spite
of its simplicity, as we briefly discuss below this approxima-
tion is able to describe qualitatively the 0 − pi transition .The
occurrence of the 0−pi transition is, precisely, main character-
istic of this junction. It takes place as the parameters εd and
U change with the quantum dot singly occupied. This transi-
tion has been widely discussed in the literature.59–67. In Fig.
5 we review the evolution of the spectrum and the Josephson
current as it takes place.
The 0 − pi transition is related to the Kondo effect, which con-
sists in the formation of a singlet between the localized spin at
the QD and the spins of the electrons in the wires. This effect
60 0.5 1
φ/2pi
-0.1
0
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J
L = 200
L = 100
L = 50
L = 30
L = 20
FIG. 4. Josephson current of a TRITOPS-S junction with direct tun-
neling between the wires. Results correspond to exact diagonaliza-
tion of finite chains. In the S wire ∆ = 0.5. Parameters for the
TRITOPS wire are as in Fig. 3.
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FIG. 5. Low-energy sector of the Andreev spectrum and Josephson
current (bottom right) of an S-dot-S junction for different values of
U, εd = −U/2 and ∆ = t.
is characterized by the energy scale set by the Kondo temper-
ature TK , which in the Kondo limit tα  −εd, tα  εd +U and
for ∆ → 0 is kBTK ∝ exp[−1/(ρJ)] where ρ is the density of
conduction states and J = 2(t2L + t
2
R)U/[εd(εd + U)]).. Hence,
in the symmetric case εd = −U/2 as U increases, the Kondo
energy scale decreases. When kBTK  ∆R, it becomes ener-
getically non-convenient to build the Kondo singlet between
the localized electron and conductions electrons or holes at en-
ergy ∆R. Then, the ground state becomes one with odd parity
and an unscreened localized electron at the QD. The behavior
of the ground-state energy as a function of φ, changes from
having a minimum at φ = 0 and a maximum at φ = pi to the
opposite situation, with the consequent change of sign in the
Josephson current. The latter is, precisely, known as the 0 − pi
transition.
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FIG. 6. Low-energy sector of the Andreev spectra of TRITOPS-QD-
TRITOPS junction. The Coulomb interaction and local potential of
the quantum dot are, respectively, U = 10t and εd = −5t. Different
panels correspond to different relative orientations of the spin-orbit
couplings. Top right panel: the Josephson current for different values
of θ = 0, pi/4, pi/2, 3pi/4 and pi. Other details are the same as in Fig.
1.
2. TRITOPS-QD-TRITOPS
Results for the Andreev spectra of a junction with an em-
bedded quantum dot calculated by diagonalizing the effective
Hamiltonian are shown in Figs. 6. Only the low-energy sector
of the spectrum is shown. The case with the spin orbit of the
wires oriented along the same direction (θ = 0) was previously
analyzed in Ref. 34 by means of a quantum Monte Carlo sim-
ulation to treat the interacting quantum dot. In addition an ef-
fective low-energy model of the Kondo type (constructed by a
Schrieffer-Wolff transformation of the effective Hamiltonian)
offered a simpler explanation of the main physics. The results
shown in the top left panel of Fig. 6 coincide with the latter
picture. The spectrum is characterized by a four-fold degener-
ate crossing at φ = pi. This is because, in addition to the cross-
ing of two states belonging to the subspace with even number
of particles, there is an additional crossing with a two-fold de-
generate state belonging to the subspace with odd number of
particles. Consequently, the Josephson current presents a dis-
continuity at φ = pi. This feature has been already discussed
in Ref. 34.
This behavior is strongly modified when different orientations
7of the spin-orbit coupling of the wires are considered. As in
the case of the direct junction analyzed in Fig. 1, crossings
between states of the different subspaces take place within the
intervals 0 < φ < pi and pi < φ < 2pi. The jumps in the
Josephson current take place at the crossing points. Also, as
in the case of the direct junction analyzed in Section IV A 2
in the limit of θ = pi, the crossing takes place at φ = 0, as a
consequence of the phase between the zero end-modes given
in Eq. (2). This can be explicitly seen in Fig. 6.
Overall, the behavior of the Josephson current is practically
unaffected by the many-body interaction at the quantum dot.
As in the case analyzed in Ref. 34 there is no signature of
the 0 − pi transition as a function of U and the occupancy
of the QD. This is because the low-energy spectrum is domi-
nated by the zero modes, which hybridize to the QD to form
a combined state akin to the Kondo singlet, irrespectively of
the value of U. In the present case, the low-energy effec-
tive Hamiltonian provides the right qualitative description of
the physics (high energy perturbative processes only introduce
minor corrections to the parameters).
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FIG. 7. Andreev spectrum (left) and Josephson current (right) of a
TRITOPS-QD-S junction for ∆R = 1.5t. Other parameters are the
same as in Fig. 6.
3. TRITOPS-QD-S
The solution of the effective Hamiltonian of Eq. (14) for
the junction between TRITOPS and S wires with the embed-
ded quantum dot leads to the spectrum and Josephson current
shown in Figs. 7. We see similar features as in the case of
the direct coupling. In particular the features (i), (ii) and (iii)
described in Section IV A 3 are also observed in the case of
the junction with the embedded QD.
It is also interesting to highlight the absence of 0−pi transition
in this configuration. Due to the crossing of states of different
fermion-parity at flux pi, there is always a relative maximum
in the ground state energy E(φ) there. Therefore, the 0 − pi
transition associated with a change from a maximum of E(φ)
at φ = pi to a minimum, accompanied by a change in fermion
parity from even to odd as U increases, does not take place.
In the limit of ∆R → ∞, we can derive the effective low-energy
Hamiltonian by recourse to a Schrieffer-Wolff transformation,
which reads
Hlow = J
[(
nd↓ − nd↑) γ˜†γ˜ + nd↑] , (17)
with J = −|tφ|2U/ [εd (U + εd)]. Therefore, as in the case
of the QD connected to two TRITOPS wires, the low-energy
states correspond to hybridizations of the zero modes with the
QD, irrespectively of the value of U. The ground state does
not experience any qualitative change, which explains the lack
of 0 − pi transition as U changes.
V. SUMMARY AND CONCLUSIONS
We have analyzed the Andreev spectrum and the Joseph-
son current in different two-terminal configurations contain-
ing one or two TRITOPS wires with spin-orbit interaction. We
have analyzed the possibility of different orientations of the
spin-orbit coupling and the effect of many-body interactions
when a quantum dot is embedded into the junction between
both wires.
For TRITOPS-TRITOPS configurations we find that the phase
introduced by the relative orientation of the spin-orbit cou-
pling of the wires plays a role, which is similar to the one due
to the magnetic flux. In this way, level crossings and the con-
sequent jumps of the Josephson current shift from φ = pi for
parallel orientations of the spin orbit to φ = 0 to antiparallel
ones.
For TRITOPS-S junctions, we find an abrupt discontinuity
with a jump of the Josephson current at φ = 0 as in previ-
ous works, as well as a strong component with periodicity of
half the superconducting flux quantum.28,32,36 These features
are, however, modified in wires of finite length due to the hy-
bridization of the zero modes.
For both cases, we find a quench of the 0 − pi transition in
the presence of an interacting quantum dot in the junction.
The reason is the hybridization of the states localized at the
quantum dot with the zero modes of the TRITOPS wires, that
leads to a formation of a low-energy singlet. We show that
the zero mode of a single wire is enough to screen the local-
ized state inhibiting the transition to the pi phase. In contrast,
for ordinary superconductors the formation of a Kondo singlet
requires taking quasiparticles with energy above the band gap.
All these features can be explained in terms of simple low-
energy effective Hamiltonians.
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Appendix A: Solution of Heff for a junction with direct tunneling
a. TRITOPS-TRITOPS
The many-body states of HeffJ,dir given in Eq. (10) can be easily
constructed with the fermionic operators γ and γ˜. These states
are
|1〉 = |0, 0〉, |2〉 = |1, 0〉, |3〉 = |0, 1〉, |4〉 = |1, 1〉, (A1)
where the left and right entry denotes the occupation states of
γ†γ and γ˜†γ˜, respectively. HeffJ,dir conserves the parity. In the
even subspace, the two eigenenergies are
Ee±(φ) = ±|δ0(φ)| = ±2tJ cos(θ/2) cos(φ/2), (A2)
while in the odd subspace they are
Eo±(φ) = ±t0(φ) = ±2tJ sin(θ/2) sin(φ/2). (A3)
b. TRITOPS-S
We proceed in a similar way as in the previous section to con-
struct the many-body states of HeffJ,dir given in Eq. (13). In the
present case, the states have 3 entries, corresponding to the
number states of γ†γ, c†R,↑cR,↑, and c
†
R,↓cR,↓.
|1〉 = |0, 0, 0〉, |2〉 = |1, 1, 0〉, |3〉 = |0, 1, 1, 〉, |4〉 = |1, 0, 1〉,
|5〉 = |1, 0, 0〉, |6〉 = |0, 1, 0〉, |7〉 = |0, 0, 1, 〉, |8〉 = |1, 1, 1〉,
where the upper and lower lines correspond to the states of the
even and odd subspaces, respectively. Concerning the order-
ing of operators |8〉 = γ†c†R,↑c†R,↓|0, 0, 0〉, and the same ordering
is used for the other states.
The resulting Hamiltonian matrix for the subspace with even
number of particles is
He =

0 0 ∆R iteiφ/2
0 0 0 0
∆R 0 0 te−iφ/2
−ite−iφ/2 0 teiφ/2 0
 , (A4)
while for odd number of particles
Ho =

0 teiφ/2 0 ∆R
te−iφ/2 0 0 −iteiφ/2
0 0 0 0
∆R ite−iφ/2 0 0
 , (A5)
Note that the states |2〉 and |7〉 are eigenstates with energy 0.
For even number of particles, the characteristic polynomial
Pe(E) = det(He − E) excluding the eigenstate |2〉 takes the
form
Pe(E) = −E3 + (∆2R + 2t2)E − 2t2∆R sin(φ). (A6)
For odd number of particles, the characteristic polynomial
Po(E) = det(Ho − E) excluding the eigenstate |7〉 is
Po(E) = −E3 + (∆2R + 2t2)E + 2t2∆R sin(φ). (A7)
Comparing Eqs. (A6) and (A7) one realizes that the spectrum
for odd number of particles coincides with that for even num-
ber of particles with flux shifted by half a superconducting
flux quantum (φ → φ + pi). Furthermore, there is a crossing
of the ground-state energies for even and odd number of par-
ticles at φ = 0 and φ = pi, at energy with E = −
√
∆2R + 2t
2,
with the corresponding jumps in the Josephson current.
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